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Abstract It has been recently shown that inhomogeneity
of semiconductor heterostructure and optimization of
annealing time leads to decrease depth of p–n-junctions
and to increased homogeneity of dopant distribution in
doped area. It has been also recently shown that mechan-
ical stress in two-layer heterostructure (substrate and epi-
taxial layer) changes dopant distribution in heterostructure
in directions, which are perpendicular to interface between
layers of heterostructure, in comparison with unstressed
sample. In this paper we consider an alternative approach
to increase density of p–n-junctions in the same hetero-
structure by using overlayer. The overlayer leads to addi-
tional mechanical stress. The stress gives us possibility to
increase density of p–n-junctions in the heterostructure.
Keywords Diffusion-junction rectifier 
Increasing of density of rectifiers  Mechanical stress
Introduction
One of actual problems of the solid-state electronics is
increasing of density of elements of integrated circuits (IC)
(Grebene 1983; Gotra 1991; Lachin and Savelov 2001). To
increase of density of elements of IC it has been recently
elaborated nearsurficial (laser and microwave) types of
annealing and inhomogenous distributions of defects in
doped areas of elements of IC. Recently (see, for example,
Pankratov 2005; Pankratov and Spagnolo 2005), an alter-
native approach to decrease of depth of p–n-junctions has
been introduced. To use the approach we consider a
semiconductor heterostructure (H), which consists of a
substrate (S) with known type of conductivity (n or p) and
epitaxial layer (EL). In the EL a dopant has been infused.
The dopant produced the second type of conductivity (p or
n). Further, the dopant has been annealed to produce p–n-
junction near interface between layers of H. In this situa-
tion sharpness of the p–n-junction increases and at the
same time homogeneity of dopant distribution in doped
area also increases in comparison with p–n-junction in
homogenous sample. In the Ref. (Pankratov 2010) it has
been shown that mechanical stress (the stress is conse-
quence of mismatching in the lattice strain) could change
density of p–n-junctions on the surface of H. In this paper
we consider a H, which consist of S with known type of
conductivity (n or p) and EL (see Fig. 1). A dopant has
been infused in the EL to produce a p–n-junctions near
interface between layers of H. Before annealing of dopant
the EL has been overgrown by an overlayer (OL) with low
temperature. During the overgrowth dopant diffusion is
negligible. Further annealing of dopant has been done.
During the annealing dopant diffusion achieves the inter-
face between EL and S. In this situation density of p–n-
junctions in EL increases in comparison with situation in
Pankratov (2010). The main aim of the present paper is the
determination of conditions to increase density of p–n-
junctions in EL.
Method of solution
To solve our aims let us determine spatiotemporal dis-
tribution of dopant concentration. We determine the
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distribution by solving the second Fick’s law (Grebene
1983; Gotra 1991; Lachin and Savelov 2001)
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Cðx; y; z; 0Þ ¼ fCðx; y; zÞ:
Here C(x, y, z, t) is spatiotemporal distribution of dopant




Cðx; y;W ; tÞdW is surficial concentration of
dopant; l(x, y, z, t) is the chemical potential; D and DS are
the volumetric and the surficial (due to mechanical stress)
dopant diffusion coefficients. Values of dopant diffusion
coefficients depend on properties of materials of layers in
H, on rate of heating and cooling of H and on
spatiotemporal distribution of dopant concentration.
Concentrational dependence of diffusion coefficient could
be approximated by the following functions (Gotra 1991):
D ¼ DLðx; y; z; TÞ 1 þ n C
cðx; y; z; tÞ
Pcðx; y; z; TÞ
 
;
DS ¼ DSLðx; y; z; TÞ 1 þ nS
Ccðx; y; z; tÞ
Pcðx; y; z; TÞ
 
: ð2Þ
Here P(x, y, z, T) is limit of solubility of dopant in H;
DL(x, y, z, T) and DSL(x, y, z, T) are the diffusion coefficients
for low-level of doping; parameter c depends on properties of
materials of H and could be integer usually in the interval
c 2 ½1; 3 (Gotra 1991). Chemical potential could be
determine by the following relation (Zhang and Bower 1999):
lðx; y; z; tÞ ¼ EðzÞXrij uijðx; y; z; tÞ þ ujiðx; y; z; tÞ
2
; ð3Þ







is the tensor of strain; ui and uj are the
components ux(x, y, z, t), uy(x, y, z, t) and uz(x, y, z, t) of
the displacement vector u~ðx; y; z; tÞ; xi and xj are
coordinates x, y and z. The Eq. 3 could be transform in
the form (see Zhang and Bower 1999)
lðx; y; z; tÞ ¼ EðzÞX
2
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KðzÞvðzÞ Tðx; y; z; tÞ  Tr½ 

:
Here r is the Poisson ratio. 0 ¼ ðaS  aELÞ=aEL is the
mismatch strain. aS and aEL are free lattice spacing of the
substrate and film, respectively. K is the modulus of
comprehensive compression. v is the coefficient of the
thermal expansion. Tr is the equilibrium temperature. Let us
consider the equilibrium temperature as the room
temperature. Components of the displacement vector could
be determined from the following system of equation (see, for
example, Landau and Lefshits 2001):
qðzÞ o2uxðx;y;z;tÞot2 ¼ orxxðx;y;z;tÞox þ orxyðx;y;z;tÞoy þ orxzðx;y;z;tÞoz
qðzÞ o2uyðx;y;z;tÞot2 ¼ oryxðx;y;z;tÞox þ oryyðx;y;z;tÞoy þ oryzðx;y;z;tÞoz
qðzÞ o2uzðx;y;z;tÞot2 ¼ orzxðx;y;z;tÞox þ orzyðx;y;z;tÞoy þ orzzðx;y;z;tÞoz :
8><
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vðzÞKðzÞ Tðx; y; z; tÞ  Tr½  þ KðzÞdij oukðx;y;z;tÞoxk ; qðzÞ is the
density of materials of H, dij is the Kronecker symbol.
After negligible transformation of the last equations one
can obtain
Fig. 1 Heterostructure, which consists of overlayer ðz 2 ½a1; 0Þ;
epitaxial layer ðz 2 ½0; aÞ and substrate ðz 2 ½a; LzÞ. The figure also
illustrates initial (before starting of annealing) distribution of dopant
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Initial and boundary conditions for displacement vector
could be written as



























u~ðx; y; z; 0Þ ¼ u~0; u~ðx; y; z;1Þ ¼ u~0:
Spatiotemporal distribution of temperature during
annealing of dopant could be determined by the second
law of Fourier in the following form (Shalimova 1985):
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with boundary and initial conditions



























Tðx; 0Þ ¼ fTðx; y; zÞ:
Here T(x, y, z, t) is spatiotemporal distribution of
temperature; mðTÞ ¼ mass 1  h expðTd=Tðx; y; z; tÞÞ½  is
heat capacitance of H (in the most interest interval of
temperature, when temperature T(x, y, z, t) is approximately
equal or larger, than Debye temperature Td, it could be
assumed m(T)&mass (Shalimova 1985); k is heat conduction
coefficient, which value depends on properties of materials
of H and temperature (dependence of heat conduction
coefficient on temperature in the most interest interval
of values of temperature could be approximated by
the following function: kðx; TÞ ¼ kassðxÞ 1 þ l Td=T½f
ðx; y; z; tÞug (Shalimova 1985); p (x, y, z, t) is volumetric
density of heating power of H; a(x, T) = k(x, T)/m(T). The
framework of this paper attracted an interest in microwave
annealing. This type of annealing leads to inhomogenous
distribution of temperature (Kuzmichev 1989; Pankratov
2008). The inhomogeneity leads to increasing the sharpness
of p–n-junction and at the same time leads to increasing the
homogeneity of dopant distribution in doped area. In this
situation it is practicable to choose such thickness of scin-
layer, which approximately is equal to summarized
thicknesses of EL and OL.
First of all let us determine spatiotemporal distribution of
temperature. To solve the Eq. 5 in pursuance (Pankratov
2005; Pankratov and Spagnolo 2005) we transform the
approximation of the heat conduction coefficient kass(x) to the
following form: kassðxÞ ¼ k0ass 1 þ T gTðxÞ½ ; where k0ass is
the average value of the function kass(x). Further, we deter-
mine solution of the Eq. 5 as the following power series:






ljTijðx; y; z; tÞ: ð6Þ
Substitution of the series Eq. 6 in the Eq. 5 gives us
possibility to obtain the system of zero-order
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approximation of temperature T00(x,t) and corrections
Tij(x, t), i C 1, j C 1 to the approximation. The equation
for zero-order approximation of temperature takes the form
oT00ðx; y; z; tÞ
ot
¼ a0ass o
2T00ðx; y; z; tÞ
ox2
þ o




2T00ðx; y; z; tÞ
oz2

þ pðx; y; z; tÞ
mass
: ð7Þ
Equations for the first- and the second-order corrections are
presented in the Appendix. Substitution of the series Eq. 6
into the boundary and initial conditions for temperature
leads to the boundary and initial conditions for the all
functions Tij(x, y, z, t)



























T00ðx; 0Þ ¼ fTðxÞ; Tijðx; 0Þ ¼ 0; i 1; j 1: ð8Þ
Solution of the Eq. 7 with appropriate conditions gives us
the following result:

























































Cnðx; y; zÞ ¼ cnðxÞcnðyÞcnðzÞ; L ¼ LxLyLz: Relations for the
first- and the second-order corrections for temperature are
presented in the Appendix.
To analyze spatiotemporal distribution of temperature
qualitatively and to obtain some quantitative results, the
second-order approximations of temperature is good
enough approximations (see, for example, Pankratov 2005;
Pankratov and Spagnolo 2005). Analytical results give us
possibility to obtain and to illustrate demonstrably main
physical dependencies. To obtain the results with higher
exactness numerical approaches have been used. Further,
let us estimate values of components of displacement
vector. To estimate the values we used method of aver-
aging of function corrections (Pankratov 2008, 2010;
Sokolov 1955), because the approach in this case leads to
more compact relations. First of all we transform the Eq. 4
to the integro-differential form:
Fig. 2 Distribution of dopant in homogenous sample (curve 1) and H
(curves 2–4) for D1 = D3 [ D2. Average values of diffusion
coefficients in H are equal to diffusion coefficient in homogenous
sample. Curve 2 corresponds to relation D1/D2 = 1.2. Curve 3
corresponds to relation D1/D2 = 4.75. Curve 4 corresponds to relation
D1/D2 = 11.5
Fig. 3 Curve 1 is idealized step-wise approximation of dopant
concentration. Curves 2–4 are real distributions of dopant concentra-
tions for different values of times. The values increase with increasing
of the numbers of curves
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Here E0 is the average value of Young modulus,






The first-order approximations of components of dis-
placement vector were obtained by replacement of the
functions ub(x, y, z, t) on their average values in right sides
of Eqs. 9, i.e. ubðx; y; z; tÞ ! aub1; b ¼ x; y; z: The average













ubiðx; y; z; tÞdzdydxdt: For


























































Substitution of the last relations into Eq. 9 gives us
possibility to determine the parameters aub1. The parameters
after appropriate calculations could be written as


























The second-order approximations of components of
displacement vector were obtained by replacement of the
functions ub(x, y, z, t) on the following sums au b2 ?
ub1(x, y, z, t) in right sides of Eqs. 8. Here aub2 ¼ ðMub2 
Mub1Þ=4L3H: The results of calculation of the second-order
approximations and parameters aub2 are bulky and, there-
fore, were presented in the Appendix.
Further, we solved Eq. 1. To obtain the solution let us
transform dopant diffusion coefficients DL(z, T) and
DSL(z, T) in the following form: DLðz; TÞ ¼ D0L 1þ½
LgLðz; TÞ and DSLðz; TÞ ¼ D0SL 1 þ SgSðz; TÞ½ : Also we
introduce the dimensionless parameter x = D0L/D0 SL.
In this situation Eq. 1 takes the form
oCðx; y; z; tÞ
ot
¼ D0L oox 1 þ LgLðz; TÞ½ 
oCðx; y; z; tÞ
ox
 
þ D0L ooy 1 þ LgLðz; TÞ½ 
oCðx; y; z; tÞ
oy
 
þ D0L ooz 1 þ LgLðz; TÞ½ 
oCðx; y; z; tÞ
oz
 
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Cðx; y;W ; tÞdWg: ð11Þ
Let us to solve Eq. 1 as the power series









xkCijkðx; y; z; tÞ: ð12Þ
Substitution of the series Eq. 12 in the Eq. 11 gives us
possibility to obtain equations for zeroth-order approxi-
mation of concentration of dopant C000(x, y, z, t) and
corrections to the approximations Cijk(x, y, z, t) (i C 1,
j C 1). The equation for zeroth-order approximation could
be written as
oC000ðx; y; z; tÞ
ot
¼ D0L o
2C000ðx; y; z; tÞ
ox2
þ D0L o
2C000ðx; y; z; tÞ
oy2
þ D0L o
2C000ðx; y; z; tÞ
oz2
:
Equations for the first- and the second-order corrections to
zeroth-order approximation of concentration of dopant are
presented in the Appendix.
Substitution of the series (12) into appropriate boundary
and initial conditions gives us possibility to obtain boundary
and initial conditions for the functions Cijk(x, y, z, t) in the
following form:



























C000ðx; y; z; 0Þ ¼ fcðx; y; zÞ;Cijkðx; y; z; 0Þ
¼ 0; i 1; j 1; k 1:
Solutions of equations for the functions Cijk(x, y,
z, t) could be written as
























are presented in Appendix.
Analysis of spatiotemporal distribution of dopant con-
centration has been done analytically using the second-
order approximation of dopant concentration. Further, the
distribution has been amended numerically.
Discussion
In this paragraph we analyzed spatiotemporal distribution
of dopant in considered H (see Fig. 1) during annealing. It
has been recently shown (see, for example, Pankratov
2005, 2008, 2010; Pankratov and Spagnolo 2005) that
achievement of the interfaces between EL and S gives us
possibility to increase sharpness of p–n-junction and
homogeneity of dopant distribution in enriched area. Fig. 2
illustrates dopant distributions in homogenous sample and
in H after annealing with equal continuance. Decreasing of
annealing time leads to decreasing of homogeneity of
dopant distribution. Increasing of annealing time leads to
increasing of homogeneity of dopant distribution and to
decreasing of sharpness of p–n-junction. Both effects have
been illustrated by Fig. 3.
It is known that in any H mechanical stress exists due to
displacement lattice spacing. We have also shown that the
mechanical stress did not lead to qualitatively new distri-
butions of dopant in z-direction. However, mechanical stress
leads to increasing density of p–n-junctions, which comprise
of IC (see Pankratov 2010). The increasing has been
achieved due to deceleration of lateral diffusion. The decel-
eration could be obtained for negative value of mismatch
Fig. 4 Distribution of dopant in H in x- and y-directions. Curve 1
corresponds to negative value of mismatch strain 0 between EL and
S. Curve 2 corresponds to positive value of mismatch strain 0
between EL and S
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strain 0 between EL and S and positive value of mismatch
strain 0 between OL and EL. The dependence is illustrated
in Fig. 4. In this paper the result has been generalised for
larger number of epitaxial layers. It has been obtained that
using overlayer gives us possibility to increase density of p–
n-junctions near z = 0 in comparison with free surface
z = 0. After the increasing the overlayer could be etched, if
necessary. It has been also obtained that using only
mechanical stress did not lead to maximal increasing of
density of p–n- junctions. To obtain higher density, H with
mesh EL could be used (see Pankratov 2009).
Conclusion
In this paper we analyzed the influence of mechanical stress in
heterostructure on depth of p–n-junctions and their density in
integrated circuits. Some conditions have been formulated to
increase density of p–n-junctions in integrated circuits.
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Appendix
Equations for the first- and the second-order corrections
could be written as
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Relations for the first- and the second-order corrections
for temperature take the form
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The second-order approximations of components of the
displacement vector













































































































































































































































































































































































































































































Calculation of the parameters aub2 leads to the following
results
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Equations for the first- and the second-orders corrections
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